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Abstract

Empirical work has demonstrated that individually reported subjective well-
being (SWB) may be positively correlated with objectively measured eco-
nomic variables like income, and affected by non-economic personal circum-
stances. Assuming individuals’ own SWB reports emerge from random dis-
crete choices, one can therefore use their stochastic properties to construct
a broad class of ordinal level comparable interpersonal utility measures. In
turn these can be used to determine a welfarist social choice rule. Ethi-
cally acceptability, however, seems to require more than level comparability.
Beyond individuals’ own SWB reports, one could perhaps use data from
experiments designed to elicit SWB inequality aversion. [89 words]
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1 Introduction

1.1 Arrow and Sen

Six decades have passed since the first edition of Kenneth Arrow’s Social
Choice and Individual Values was published in 1951. For the first two of
these there seemed to be no appealing escape from the logic of his impos-
sibility theorem. This powerful result, however, acquires much of its force
because an “Arrow social welfare function” ignores all information about
any individual i except a preference ordering over the space X of social
states that is assumed to represent i’s “individual values”.

Indeed, prompted by ideas set out in Amartya Sen’s Collective Choice
and Social Welfare, first published in 1970, more satisfactory procedures
began to be found some two decades later, and received Arrow’s (1977)
sympathetic appraisal. The key innovation is that a “Sen social welfare
functional” (or SWFL) uses more information about individuals, specifically
in the form of interpersonal utility comparisons.

Sen, however, did not initially offer any kind of empirical framework on
which to base interpersonal utility comparisons. Moreover, with occasional
rare excursions into empirical analysis by authors such as Sen (1976), Jor-
genson (1990, 1997) and Slesnick (2001), the ensuing work on social choice
with interpersonally comparable measures of real income, has typically been
purely theoretical. In fact, by the time Sen’s attention had turned to em-
pirical questions, he had largely turned away from “welfarist” social choice
(Sen, 1979), with its reliance on the Pareto criterion that he had earlier
criticised in connection with the “liberal paradox” (Sen, 1970). Instead, Sen
(1985) began to use concepts like “capabilities and functionings” that, along
with Dasgupta’s (1993) analysis of nutrition, use data that is more clearly
objective than any attempt to construct a welfarist measure of real income
could ever be.

1.2 Subjective Well-Being

By contrast, largely inspired by Easterlin (1974), extensive empirical re-
search has investigated whether there is a relationship between various self-
reported measures of subjective well-being (SWB) — often called “happi-
ness” for short — and the usual estimates of individual economic well-being
based on real income. Layard, Mayraz and Nickell (2008) in particular have
taken the extra step of using SWB data, along with some very specific value
judgements, in order to derive a cardinal interpersonally comparable util-
ity (ICU) function. Their work, however, presumes special functional forms
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both for the stochastic choice model that is assumed to determine indi-
viduals’ SWB reports, as well as for the utilitarian social welfare function.
Following Atkinson’s (1970) approach to inequality measurement, the latter
presumes constant relative inequality aversion.

The question that arises, therefore, is whether additional SWB infor-
mation can and should play a role in social choice — in particular, during
the often neglected preliminary stage of constructing an ICU indicator of
individual welfare that can serve as the basis for an appropriate SWFL.

1.3 Outline

Section 7 of Fleurbaey and Hammond (2004) sets out a case for utilitarian-
ism — i.e., for maximizing the sum over all existing members of society of an
“ethical observer’s” concept of individual welfare. Section 2 briefly reviews
the argument, especially in a specific context which gives due prominence
to the distinction between objectively observable features of the social con-
sequence on the one hand, and individuals’ relevant types or characteristics
on the other hand.

Generally, we assume that individuals’ SWB reports emerge from a
multinomial stochastic choice model whose outcome is SWB measured on
an `+ 1-point scale (including zero). Section 3 considers the binomial case
when ` = 1. The probability of reporting the better outcome then leads
naturally to a scalar ICU function of the kind that usually appears as an
argument of a Sen SWFL.

When ` > 1, however, one obtains a vector ICU function, with val-
ues in the `-dimensional simplex of `-point probability distributions. One
important issue is whether this vector ICU function can have each of its
values reduced to a single scalar. Whether such a reduction is possible or
not, the key question faced in section 4 [still very incomplete] is how a
generalized SWFL can depend on this multidimensional SWB information.

The concluding section 5 [still to be written] raises some other
methodological issues, especially the possible use of data from experiments
inspired by work such as Yaari and Bar-Hillel (1984) and by Gaertner (1994)
intended to elicit subjects’ views of how to distribute resources justly in a
simple hypothetical allocation problem.
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2 Welfarist Social Choice in an Economic Domain

2.1 Social and Personal Consequences

Though social choice theory typically considers a fixed set of individuals,
here it is allowed to be variable. Individuals who never come into existence
will be treated as potential rather than actual. With this convention, we
can consider a society consisting of a finite set N of potential individuals i.

The basic task of social choice theory is to specify an appropriate decision
at every decision node of every finite decision tree in which each terminal
node gives rise to a determinate “social state” or social consequence. Rather
than the usual entirely abstract set of social choice theory, we shall give
the social consequence space a specific Cartesian product structure ZN =∏
i∈N Zi. Here each Zi is assumed to be itself a Cartesian product set R×X,

whose members are personal consequence pairs consisting of:

1. a scalar measure yi ∈ R of objectively measured real income or wealth;

2. a vector xi ∈ X ⊂ V in a multi-dimensional vector space V , whose dif-
ferent components each measure some relevant personal circumstance,
also taken to be objectively measured.

We remark that some subset of the components of x may possibly be af-
fected by policy choices. Also, some other subset may represent possible
components of the public environment, which must therefore be the same
for all individuals.1 Indeed, some components of x could also be the recorded
prices that are used to construct a price index deflator, which is then used
to divide nominal income in order to convert it into real income.

2.2 Social Consequence Lotteries

Some contemporary social choice theorists recognize the need to consider
not just social consequences zN ∈ ZN , but also simple lotteries λ ∈ ∆(ZN )
over such consequences. After all, quite apart from the inherent risk in any
significant social decision problem, Vickrey (1945) and Harsanyi (1953, 1955)
pioneered the idea of representing ethical decisions as those that would be
made in a risky “initial position”, behind what Rawls (1971) later called a
“veil of ignorance”, where an individual faces an equal chance of experiencing
each individual’s personal consequence.

1This extends the general framework of an economic domain used by Bordes, Hammond
and Le Breton (2005), as well as Le Breton and Weymark (2011).
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Following the ideas of Hammond (1998), one should accordingly consider
an unrestricted domain of finite decision trees that include both decision and
chance nodes; or rather, an “almost unrestricted domain” in which any move
at a chance node has a strictly positive probability attached. Consider any
social decision rule that specifies acceptable behaviour at every decision node
in any such tree, including any continuation subtree. It can be shown to
maximize a “social” preference ordering % over ∆(ZN ) that also satisfies the
independence axiom if and only if the rule satisfies consequentialist normal
form invariance — i.e., there is a non-empty valued “revealed” consequence
choice function A 7→ C(A) ⊆ A which, for every finite decision tree in
the almost unrestricted domain, and for each non-empty finite feasible set
A ⊂ ∆(ZN ) of consequence lotteries that could result from behaviour in the
tree, determines a non-empty choice set C(A) ⊆ A of possible consequence
lotteries that can result from acceptable decisions.

Suppose we add the requirement that, for any collection of finite deci-
sion trees which vary only in the positive probabilities attached to different
chance moves, the graph of the correspondence mapping probabilities into
chosen lotteries should be relatively closed. This additional requirement is
sufficient, and also necessary, for the preference ordering % over ∆(ZN ) to be
represented by the expected value of a “social” von Neumann–Morgenstern
utility function (NMUF) ZN 3 zN 7→ w(zN ) ∈ R.

Definition 1. Two NMUFs w, w̃ : ZN → R are cardinally equivalent
just in case there exist an additive real constant α and a positive multiplica-
tive real constant ρ such that w̃(zN ) ≡ α+ ρw(zN ).

As is well known, except in trivial cases, there is a unique cardinal equiv-
alence class of NMUFs whose expectations represent the preference ordering
% over ∆(ZN ).

2.3 Additive Utilitarianism

So far we have considered only the rationality implications of consequential-
ist normal form invariance. But the next steps of the argument exploit the
social nature of the decision being considered, along with the special struc-
ture of the social consequence space. Indeed, we argue that consequences
matter only because they matter to individuals. Also, by definition, only
personal consequences zi ∈ Zi affect individual i directly. Or, when we con-
sider a lottery λ ∈ ∆(ZN ), all that matters to each individual i ∈ N is the
implied marginal lottery λi ∈ ∆(Zi) over i’s personal consequences. More-
over, suppose we consider a “one-person situation” or individualistic decision
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tree where, by definition, any decision that is made has no effect at all on
the personal consequence lottery λj ∈ ∆(Zj) of any individual j ∈ N \ {i}.
Then it would seem that the appropriate decision should depend only on i’s
personal consequence lottery λi.

These considerations suggest the following two specific assumptions set
out in Fleurbaey and Hammond (2004, pp. 1263–4):

IC (Individualistic Consequentialism) If the two social consequence lotteries
λ, µ ∈ ∆(ZN ) induce equal marginal personal lotteries λi = µi ∈
∆(Zi) for all i ∈ N , then λ and µ are socially equivalent. In particular,
they are socially indifferent, so the respective expected values of the
social NMUF w must satisfy Eλw(zN ) = Eµw(zN ).

IW (Individual Welfarism) For each individual i ∈ N , there is a unique
cardinal equivalence class of personal NMUFs zi 7→ wi(zi) which, for
each fixed profile z̄N\{i} ∈

∏
j∈N\{i} of personal consequences for indi-

viduals other than i, are all cardinally equivalent to zi 7→ w(zi, z̄
N\{i}).

Definition 2. Two families 〈wi〉i∈N , 〈w̃i〉i∈N of personal NMUFs are co-
cardinally equivalent just in case there exist a family 〈αi〉i∈N of additive
real constants and a single positive multiplicative real constant ρ, indepen-
dent of i, such that w̃i(z

N ) ≡ αi + ρwi(z
N ).

As shown in Fleurbaey and Hammond (2004, pp. 1264–6) by adapting
an argument due to Fishburn (1970, p. 176), together these two assumptions
imply that, except in trivial cases, there exists a unique co-cardinal equiv-
alence class of unit comparable personal NMUFs zi 7→ wi(zi) for all i ∈ N
such that the social NMUF zN 7→ w(zN ) can be written in the additive
utilitarian form

zN 7→ w(zN ) =
∑

i∈N
wi(zi). (1)

2.4 Individual Welfare Characteristics

Much of what is relevant in determining an individual’s well-being cannot
be objectively observed. Accordingly, we assume that each individual i ∈ N
has an unobservable characteristic or welfare type ti which ranges over a
domain T that is independent of i. This hidden type will be treated as a
parameter of i’s personal NMUF.

Moreover, we assume that all individuals of the same type have the
same personal NMUF. It follows that each individual i’s personal NMUF
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can be written as zi 7→ v(zi; ti) for a function v which is independent of i.
Furthermore, the social NMUF in (1) takes the form

zN 7→ w(zN ; tN ) =
∑

i∈N
v(zi; ti), (2)

whose expected values represent a preference ordering %tN on ∆(ZN ) which
depends on the type profile tN = (ti)i∈N as a parameter.

Finally, since the different personal NMUFs zi 7→ wi(zi) should belong
to the same co-cardinal equivalence class for every possible type profile tN ,
there must be a unique cardinal equivalence class of interpersonally compa-
rable utility functions (ICUFs)

Z × T 3 (z, t) 7→ v(z, t) ∈ R. (3)

2.5 Non-Existence

A particular individual welfare type will be non-existence, regarded as a
null type t0 ∈ T . Of the set N of all potential individuals, only the set
M := {i ∈ N | ti ∈ T \{t0}} are actual individuals who come into existence.

An obvious assumption to make is that all non-existent individuals are
entirely unaffected any social decision which has no effect on their existence.
Thus, there must be a critical level of utility c ∈ R (Blackorby, Bossert
and Donaldson, 2005) such that for each i ∈ N , one has v(zi; t

0) = c,
independent of the (rather meaningless) personal consequence. This critical
level divides the set M of actual individuals into two groups, according
to whether v(zi; ti) ≷ c. The “sub-critical” individuals i ∈ N for whom
v(zi; ti) < c are those whose personal consequence zi is so bad, given their
welfare type ti, that a policy which avoids their coming into existence would,
ceteris paribus, be regarded as an improvement.

Since the ICUF v : Z×T → R is only unique up to a cardinal equivalence
class, an obvious normalization is to put c = 0. Then the ICUF v : Z×T →
R is unique up to a cardinal ratio scale — i.e., ṽ is equivalent to v just in case
there exists a positive multiplicative constant ρ such that ṽ(z, t) ≡ v(z, t).
Moreover, the welfare sum (2) reduces to

zN 7→ w(zN ; tN ) =
∑

i∈M
v(zi; ti) =

∑
i∈M

v(yi, xi; ti), (4)

where M ⊂ N is the set of actual individuals. Also, we recall from Section
2.1 that each personal consequence zi is a pair (yi, xi) ∈ R×X, where yi is
a measure of real income or wealth, and xi indicates objectively measurable
personal circumstances. Thus, we can write zN as a pair (yN , xN ) consisting
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of a real income distribution yN ∈ RN combined with a profile xN ∈ XN of
objectively measurable personal circumstances.

Of course, the expected value of (4) w.r.t. any collection λN ∈ ∆(ZN )
of marginal personal consequence lotteries also takes the additive form

EλNw(zN ; tN ) =
∑

i∈M
Eλi [v(zi; ti)]. (5)

2.6 Assessment

This section has reviewed the formal case for a social NMUF whose mathe-
matical structure is the “utilitarian” sum of the values of an ICUF, measured
on a cardinal ratio scale, over all the actual individuals in the society. This
social NMUF, however, depends crucially not only on the objectively mea-
sured variables zN = (yN , xN ), but also on the hidden welfare type profile
tN . Moreover, the variable welfare type t ∈ T determines how the ICUF

R×X 3 (y, z) 7→ v(y, z; t) ∈ R (6)

depends on the personal consequence (y, z).
In order to go beyond the mere mathematical structure of utilitarianism,

and construct actual measures of well being that can be used for making
decisions, one evidently requires two kinds of further judgement:

1. factual judgements of the empirical content of the unobservable welfare
types;

2. value judgements regarding how (6) determines the rations of non-zero
values of the ICUF for different combinations (y, z, t) ∈ R× Z × T .

The question that the rest of the paper addresses is the extent to which
objective survey data concerning individually reported subjective well-being
(SWB) can help inform such judgements.

3 Binary Subjective Well Being

3.1 The Binomial Choice Model

Consider first the case where there is only a binary measure of SWB. This
occurs when, for example, surveyed individuals can only express either gen-
eral satisfaction, or general dissatisfaction, with their life circumstances. For
each fixed welfare type t ∈ T , and given any personal consequence z = (y, x),
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let p(z, t) ∈ [0, 1] denote the proportion of type t individuals facing z who
are willing to express satisfaction as against dissatisfaction.

A natural hypothesis then is that, for each fixed t, the proportion p(z, t)
increases as the welfare level v(z; t) increases. This implies that, for each
welfare type t ∈ T , the function Z 3 z 7→ p(z, t) ∈ [0, 1] can be used in
principle as an ordinal utility function. Moreover, for each type t ∈ T , there
must be a strictly increasing transformation R 3 ξ 7→ ψt(ξ) ∈ R such that
v(z; t) = ψt(p(z, t)). It follows that the expectation of the additive NMUF
(5) takes the form

EλN [w(zN ; tN )] =
∑

i∈M
Eλi [ψti(p(z, ti))] . (7)

From now on, let Ψ denote the class of all such transformations ψ : T ×R→
R with the property that ξ 7→ ψt(ξ) is strictly increasing for each welfare
type t ∈ T .

3.2 Stochastic Pareto Dominance

Of course, the information one could infer from such survey results is very
limited. After all, it is formally equivalent to the situation in Arrow (1951),
where each welfare type t ∈ T has as “individual values” its own preference
ordering on Z that corresponds to the ordinal utility function z 7→ p(z, t).
There is no further information, however, about how to construct the ICUF
v(z; t), or about how to make choices in general social decision trees. There
is therefore little surprise in the following results concerning the preference
ordering %tN that the expected value of the NMUF (7) induces on ∆(ZN ).

Definition 3. Given any welfare type t ∈ T and personal consequence lot-
tery λ ∈ ∆(Z), define the associated cumulative distribution function

[0, 1] 3 ξ 7→ F (ξ; t, λ) := λ({z ∈ Z | p(z, t) ≤ ξ}) ∈ [0, 1] (8)

as the probability that the random personal consequence z induces a proba-
bility of expressing satisfaction that does not exceed ξ.

Definition 4. Given any fixed welfare type t ∈ T and any two personal
consequence lotteries λ, µ ∈ ∆(Z):

1. say that λ weakly stochastically dominates µ, and write λ %SD
t µ,

provided that F (ξ; t, λ) ≤ F (ξ; t, µ) for all ξ ∈ [0, 1];

2. say that λ stochastically dominates µ, and write λ �SD
t µ, provided

that λ %SD
t µ but not µ %SD

t λ;
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3. say that λ and µ are stochastically equivalent, and write λ ∼SD
t µ,

provided that both λ %SD
t µ, and µ %SD

t λ — i.e., F (ξ; t, λ) = F (ξ; t, µ)
for all ξ ∈ [0, 1].

Definition 5. Given any welfare type profile tN ∈ TN and any two social
consequence lotteries λN , µN ∈ ∆(ZN ), say that λN stochastically Pareto
dominates µN , and write λN �SPD

tN
µN , just in case the respective marginal

lotteries satisfy λi %SPD
ti µi for all i ∈ N , with λi �SPD

ti µi for at least one
i ∈ N .

Proposition 1. Consider any welfare type profile tN ∈ TN and, for each
transformation ψ ∈ Ψ, the corresponding preference ordering %ψ

tN
on ∆(ZN )

represented by the expected value of the social NMUF (7). For any pair of
social consequence lotteries λN , µN ∈ ∆(ZN ), the following two statements
are equivalent:

ISP (invariant strict preference) λN �ψ
tN

µN for all possible transforma-
tions ψ ∈ Ψ;

SPD (stochastic Pareto dominance) λN �SD
tN

µN .

Proof. Recall that the set M is finite, and the lotteries λN , µN ∈ ∆(ZN )
both attach positive probability to only a finite set of social consequences
zN ∈ ZN . For each i ∈ M , therefore, both λi and µi attach positive prob-
ability to only a finite set of personal consequences zi ∈ Zi. In particular,
individual i’s contribution Si to the difference EλN w̃(zN ; tN )−EµN w̃(zN ; tN )

in the values of (7) for λN and µN takes the form of a sum

Si :=
∑

z∈Z
di(z)ψti(p(z, ti)) (9)

where di(z) := λi(z) − µi(z) for each z ∈ Z, which is non-zero for only
a finite set Hi ⊆ Z. The range of values Ri := {ψti(p(z, ti)) | z ∈ Hi}
can therefore be written as the finite set Ri = {ψri | r ∈ Ki} ⊂ R, where

Ki := {1, 2, . . . , ki} and ψ1
i < ψ2

i < . . . < ψkii . For each rank r ∈ Ki, let
Zri := {z ∈ Z | ψti(p(z, ti)) = ψri } and dri :=

∑
z∈Zr di(z). Also, define the

increments αri := ψri −ψ
r−1
i > 0 for all r ∈ Ki, where ψ0

i is an arbitrary real

number less than ψ1
i . Finally, define Ds

i :=
∑ki

r=s d
r
i for all s ∈ Ki, which

is the sum of the probability differences, cumulated downwards. With all
these definitions, we note first that

Ds
i = [1−F (ψsi ; ti, λ)]− [1−F (ψsi ; ti, µ)] = F (ψsi ; ti, µ)−F (ψsi ; ti, λ), (10)
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the reverse difference in the cumulative distribution functions. Also, because∑
r∈Ki

dri = 0, one has

Si =
∑

r∈Ki

driψ
r
i =

∑
r∈Ki

dri

(
ψ0
i +

∑r

s=1
αsi

)
=
∑

s∈Ki

αsiD
s
i . (11)

Now, condition (ISP) in the proposition is evidently equivalent to the state-
ment that

∑
i∈M Si > 0 for every possible collection {αsi | i ∈M ; s ∈ Ki} of

positive constants. But (10) implies that this is in turn equivalent to every
number in the collection {Ds

i | i ∈ M ; s ∈ Ki} being non-negative, with
at least one positive. Finally, this is equivalent to condition (SPD) in the
proposition.

3.3 Welfare Optimality without Interpersonal Comparisons

The family Ψ of possible transformations, like Arrow’s original framework
of individual preference profiles represented by individually ordinal utility
functions, excludes interpersonal comparisons. So does the associated con-
cept of possible welfare optimality that we now introduce.

Definition 6. Given any welfare type profile tN ∈ TN and any allowable
transformation ψ ∈ Ψ, define a corresponding welfare optimal choice
function A 7→ C(A; tN , ψ) ⊆ A on the domain of non-empty feasible al-
ternative sets A ⊂ ∆(ZN ) by

C(A; tN , ψ) := arg max
λN

{∑
i∈M

Eλi [ψti(p(z, ti))] | λN ∈ A
}
. (12)

Any λN which belongs to the union ∪ψ∈ΨC(A; tN , ψ) of all the choice sets
C(A; tN , ψ) is then said to be a possible welfare optimum; any λN ∈ A
such that λN 6∈ C(A; tN , ψ) for all ψ ∈ Ψ is said to be an impossible
welfare optimum.

Corollary 1. Given any welfare type profile tN ∈ TN and any non-empty
finite feasible alternative set A ⊂ ∆(ZN ) of social consequence lotteries, the
lottery λ̂N ∈ A is a possible social optimum if and only if there is no λN ∈ A
that stochastically Pareto dominates λ̂N ; otherwise it is an impossible social
optimum.

Proof. It is enough to note that, because of Proposition 1, the inequality∑
i∈M

Eλi [ψti(p(z, ti))] ≥
∑

i∈M
Eµi [ψti(p(z, ti))]

10



holds simultaneously for all ψ ∈ Ψ if and only if λN %SD
tN

µN . Also, in case
λN %SD

tN
µN , one also has∑

i∈M
Eλi [ψti(p(z, ti))] >

∑
i∈M

Eµi [ψti(p(z, ti))]

for at least one ψ ∈ Ψ provided that λN �SD
tN

µN .

Corollary 2. Suppose only degenerate lotteries are feasible — i.e., A ⊆ ZN .
Then the particular social consequence ẑ ∈ A is a possible social optimum if
and only if there is no zN ∈ A that Pareto dominates ẑN ; otherwise it is an
impossible social optimum.

3.4 Stochastic Suppes Dominance

So far we have simply assumed that, for each fixed welfare type t, the propor-
tion p(z, t) of individuals who express satisfaction with the personal conse-
quence z ∈ Z increases as the welfare level v(z; t) increases. A stronger value
judgement, however, is that even as t also varies, higher values of p(z, t) still
indicate that personal utility v(z; t) is higher. This implies that the func-
tion Z × T 3 (z, t) 7→ p(z, t) ∈ [0, 1] can be used in principle as an ordinal
level comparable utility function. Moreover, there must be just one strictly
increasing transformation R 3 ξ 7→ φ(ξ) ∈ R such that v(z; t) = φ(p(z, t)).
Now the expectation of the additive NMUF (5) takes the form

EλN [w̃(zN ; tN )] =
∑

i∈M
Eλi [φ(p(z, ti))] . (13)

Let Φ denote the class of all strictly increasing transformations φ : R→ R.

Definition 7. Given any welfare type profile tN ∈ TN , with m := #M as
the number of actual individuals, and any social consequence lottery λN ∈
∆(ZN ), define the associated interpersonal cumulative distribution
function

[0, 1] 3 ξ 7→ G(ξ; tN , λN ) :=
1

m

∑
i∈M

λi({z ∈ Z | p(z, ti) ≤ ξ}) ∈ [0, 1] (14)

as the expected proportion of existing individuals whose random personal
consequence z induces a probability of expressing satisfaction that does not
exceed ξ.

The following dominance condition builds on a concept due to Suppes
(1966) that Sen (1970) introduced to social choice theory.
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Definition 8. Given any welfare type profile tN ∈ TN and any fixed pair of
social consequence lotteries λN , µN ∈ ∆(ZN ), say that λN stochastically
Suppes dominates µN , and write λN �SSD

tN
µN , just in case λN and µN

induce respective interpersonal cumulative distribution functions that satisfy:

1. G(ξ; tN , λN ) ≤ G(ξ; tN , µN ) for all ξ ∈ [0, 1];

2. G(ξ; tN , λN ) < G(ξ; tN , µN ) for at least one ξ ∈ [0, 1].

Proposition 2. Consider any welfare type profile tN ∈ TN and, for any
strictly increasing transformation φ ∈ Φ, the corresponding preference or-
dering %φ

tN
on ∆(ZN ) represented by the expected value of the social NMUF

(13). For any pair of social consequence lotteries λN , µN ∈ ∆(ZN ), the
following two statements are equivalent:

ISP2 (invariant strict preference) λN �φ
tN
µN for all possible transforma-

tions φ ∈ Φ;

SSD (stochastic Suppes dominance) λN �SSD
tN

µN .

Proof. This is really a special case of Prop. 1, where all existing individuals
are ex ante identical, as in the Vickrey–Harsanyi original position. So all
individuals share the same (dummy) type, and there is no difference between
the two sets Ψ and Φ of allowable transformations. Furthermore, in this
original position, each individual i’s actual type ti is regarded as emerging
from the common personal consequence lottery λ̃N ∈ ∆(Z×T ) which takes
the form 1

m

∑
i∈M λ̃i, where λ̃i(z, t) = λi(z, ti) if t = ti, but λ̃i(z, t) = 0

otherwise.

3.5 Welfare Optimality with Ordinal Level Comparisons

The family Φ of possible transformations allows ordinal level interpersonal
comparisons. So does the associated concept of possible welfare optimality
that we move to next.

Definition 9. Given any welfare type profile tN ∈ TN and any allowable
transformation φ ∈ Φ, define a corresponding welfare optimal choice func-
tion A 7→ C(A; tN , ψ) ⊆ A on the domain of non-empty feasible alternative
sets A ⊂ ∆(ZN ) by

C(A; tN , φ) := arg max
λN

{∑
i∈M

Eλi [φ(p(z, ti))] | λN ∈ A
}
. (15)
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Any λN which belongs to the union ∪ψ∈ΨC(A; tN , φ) of all the choice sets
C(A; tN , φ) is then said to be a possible welfare optimum; any λN ∈ A
such that λN 6∈ C(A; tN , φ) for all φ ∈ Φ is said to be an impossible
welfare optimum.

Corollary 3. Given any welfare type profile tN ∈ TN and any non-empty
finite feasible alternative set A ⊂ ∆(ZN ) of social consequence lotteries,
the lottery λ̂N ∈ A is a possible welfare optimum if and only if there is
no λN ∈ A that stochastically Suppes dominates λ̂N ; otherwise it is an
impossible welfare optimum.

4 General Subjective Well Being

4.1 The Ordered Multinomial Choice Model

The basic stochastic framework we are using concerns the self-reported life
satisfaction (SRLS) or subjective well being (SWB) level s. This typically
belongs to a linearly ordered finite set S of possible values, which is usually
treated as a finite set S = {s ∈ Z | s ≤ s ≤ s̄} of successive non-negative
integers. We introduce the harmless normalizations s = 0 and s̄ = ` :=
#S − 1 whose effect is to convert S to the set {0, 1, 2, . . . , `}.

For each of the different levels of satisfaction s ∈ S, let p(s|z, t) denote
the conditional probability that an individual of welfare type t ∈ T facing
personal consequence z ∈ Z reports that their SWB is at level s. Our
analysis will focus on the downwardly cumulated conditional probabilities

P (s|z, t) :=
∑`

s′=s
p(s′|z, t) (16)

that the individual reports an SWB level no lower than s. Of course, in the
binomial case when ` = 1, one has P (0|z, t) = 1 and P (1|z, t) = p(z, t) in
the notation of Section 3.

The “natural hypothesis” set out in Section 3.1 can now be applied.
It turns into the postulate that, for each fixed welfare type t ∈ T and
SWB level s, the conditional proportion P (s|z, t) increases as the welfare
level v(z; t) increases. This implies that, for each type t ∈ T , any of the
` different functions Z 3 z 7→ P (s|z, t) ∈ [0, 1] as s varies from 1 to `
can be used in principle as an ordinal utility function. Moreover, for each
welfare type t ∈ T and SWB level s ≥ 1, there must be a strictly increasing
transformation R 3 ξ 7→ ψst (ξ) ∈ R such that

v(z; t) = ψst (P (s|z, t)) (17)
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If the different welfare types t ∈ T could be empirically distinguished,
however, this postulate could become falsifiable when ` > 1. The reason is
that (17) allows one to derive the logical equivalence

P (s|z, t) = P (s|z′, t)⇐⇒ P (s̃|z, t) = P (s̃|z′, t) (18)

for all s, s̃ ∈ {1, 2, . . . , `}, all t ∈ T , and all z, z′ ∈ Z. Indeed, for each t ∈ T
and s ∈ {1, 2, . . . , `}, each set of points z ∈ Z satisfying P (s|z, t) = constant
must be an indifference curve of the utility function z 7→ v(z; t).

If condition (18) is met, however, then all the results of Section 3 hold
separately for each SWB level s except the lowest. In particular, the expec-
tation of the additive NMUF (5) takes the form

EλN [w(zN ; tN )] =
∑

i∈M
Eλi

[
ψsti(P (s|z, ti))

]
, (19)

which will be independent of s.

4.2 Ordinal Random Utility

From now on we focus on a version of the “simpler form” that, as Amemiya
(1985, Section 9.3.2) for instance points out, features in most applications.
It includes both ordered probit and ordered logit as special cases. First, we
introduce the following definition:

Definition 10. A downwards cumulated distribution function (or
DCDF) is a strictly decreasing mapping R 3 ξ 7→ H(ξ) ∈ [0, 1] for which
H(ξ)→ 0 as ξ →∞ and H(ξ)→ 1 as ξ → −∞.

Definition 11. For each welfare type t ∈ T , the mapping Z 3 z 7→ ut(z)
is a random utility function if there exist both a DCDF ξ 7→ Ht(ξ) and
a strictly increasing sequence of constants (ξst )

`
s=1 with the property that

P (s|z, t) = Ht(ξ
s
t − ut(z)) for all SWB levels s ∈ S \ {0} and all z ∈ Z.

Proposition 3. If there is a random utility function z 7→ ut(z) for the
welfare type t, it is ordinally equivalent to type t’s welfare NMUF z 7→ v(z, t).

Proof. If P (s|z, t) = Ht(ξ
s
t − ut(z)), then

P (s|z, t) = P (s|z′, t) ⇐⇒ Ht(ξ
s
t − ut(z)) = Ht(ξ

s
t − ut(z′))

⇐⇒ ut(z) = ut(z
′) (20)

where the last equivalence holds because Ht is strictly decreasing. Moreover,
P (s|z, t) must increase w.r.t. z as ut(z) increases. That is, P (s|z, t) and ut(z)
must be ordinally equivalent as functions of z. But (17) implies that z 7→
P (s|z, t) and z 7→ v(z, t) are ordinally equivalent, so the result follows.
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So if a random utility function Z 3 z 7→ ut(z) exists, it can replace the
function z 3 z 7→ p(z, t) of Section 3. Indeed, all the results of that section
really rely on there being a scalar objective measure of SWB.

4.3 Interpersonal Comparisons of Utility Levels

Next, we turn to the value judgement of Section 3.4. In the current context
this entails that, even as t also varies, higher values of P (s|z, t) indicate
that personal utility v(z; t) is higher. Condition (17) is replaced by the
requirement that, for each s ∈ S \ {0}, there must exist a strictly increasing
function R 3 ξ 7→ ψs(ξ) ∈ R such that

v(z; t) = φs(P (s|z, t)) (21)

This implies that, for any s ∈ S \ {0}, the function Z × T 3 (z, t) 7→
P (s|z, t) ∈ [0, 1] can be used as an ordinal level comparable utility function.

As in Section 4.1, however, the postulate that (21) holds has substantive
content. Indeed, the earlier logical equivalence (18), which must hold for
each fixed t ∈ T separately, now becomes

P (s|z, t) = P (s|z′, t′)⇐⇒ P (s̃|z, t) = P (s̃|z′, t′) (22)

for all s, s̃ ∈ S \ {0}, which must hold even as t varies along with z.

5 Conclusions

[Still to be written.]
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