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Abstract

In a neo-classical setting of equity-valuation, this paper develops a principle of dividend
policy irrelevancy (DPI) to identify and exploit characteristics of earnings. The latter refers to the
idea that a value-relevant variable can not reasonably be labeled "earnings" unless it satisfies
certain analytical properties with intuitive appeal. The paper proceeds in two parts. The first part,
which culminates in Proposition I, provides necessary and sufficient conditions for DPI. The
second part concerns how DPI predicates constructs of earnings and their analytical properties. A
key result, Proposition I1, shows that one can use the analytical properties of earnings to deduce the
core approach in practical equity-valuation, namely, measures of growth in expected earnings

explain the price to forward-earnings ratio.



l. Introduction

This paper analyzes dividend policy irrelevancy (“DPI”, henceforth) as it relates to constructs,
or characteristics, of earnings. DPI, which has long served as a benchmark in financial theory,
suggests that the distribution of wealth is of no interest as compared to the (expected) creation of
wealth. The claim appeals intuitively since a change in the dividend policy can only influence the
sequence of future expected dividends as opposed to their present value. ' An investor should not
have to forecast next (and later) period’s dividends to determine equity value under such
circumstances. Instead an investor should forecast future value creation, i.e., she will turn to
expected earnings as a practical matter.” This statement, however, may seem much too general
unless one identifies what the word “earnings” actually means. Thus the basic question dealt with
in the paper arises: Can one exploit DPI to derive intuitively appealing characteristics of
“earnings”?

To appreciate the question at hand, one may consider why the absence of DPI militates against
linking earnings to value. Value must now reflect the forecasting of next-period dividends in
addition to the forecasting of outcomes due to operating activities. In other words, value today
depends on the forecasting of the dividend policy, causing obvious problems if one wants to
identify a construct of earnings that relates directly to value. Accounting as generally understood
does not measure earnings by embedding the dividend policy; a measure of a firm’s next period’s
expected creation of value should depend neither on the (future) dividend policy nor on the next
period’s expected dividends. Turning these negative observations into their opposite suggests our

broad hypothesis that DPI can act as a useful springboard to analyze the way in which



appropriately identified earnings variables forge links to value. Stated differently, DPI can be
potentially be used to construct variables that “look and smell” like earnings; and with the
characteristics of earnings in place the analysis can proceed to the earnings-value relation.
Assumptions on the characteristics of earnings ought to restrict the ways in which earnings
explains value.

With respect to the modeling, the paper relies on the generic linear dynamics found in Ohlson
[1990] (see also Christensen and Feltham [2003], Chapter 9): A set of primitives, which
completely describe a firm’s future states and evolve linearly over time, determine value through
the implied sequence of future expected dividends. The analysis then introduces DPI and relates
it to earnings via two stages.

The first stage concerns equivalent characterization of DPI. A central result shows that DPI
holds if and only if there exists a composite variable, constructed from the primitives, that grows at
the discount rate in the absence of dividends. The construction of the composite variable makes
no reference to equity value, dividends or the dividend policy. A savings account works
similarly: Earnings on a savings account obviously grow at the interest rate when dividends are
zero. And this property of a savings account’s earnings ensures DPI (the next section develops
the point). DPI, therefore, hinges on whether one can construct a variable that satisfies a familiar
characteristic of earnings.

Relying on DPI, the second stage of the paper focuses on how to conceptualize earnings. We
identify several appealing characteristics that an earnings construct must satisfy, with the
following three being the most essential:*

e Earnings should be unaffected by contemporaneous dividends as well as by any dividend

policy parameters.



e Earnings will be foregone due to any dividends paid at the start of the period. The
discount rate determines the rate of earnings reduction due to dividend distribution. (IL.e.,
$ 1 dividend reduces subsequent earnings by $ 0.08 if the discount rate is 8%).

e Earnings grow, on the margin, at a rate determined by the discount factor. (I.e., the partial
derivative of period #+1 expected earnings relative to period ¢ expected earnings is 1.08 if
the discount factor is 8%, keeping all other relevant date ¢ variables constant).

The analysis of earnings starts with an “ideal” construct, namely, “earnings permanent in
expectations”. It is ideal because its capitalization suffices to determine value; that is, the price to
forward-earnings ratio equals the inverse of the discount factor. We then proceed to analyze
“accounting earnings”, defined by earnings permanent in expectation plus some “error”. To
develop insights about accounting earnings, the analysis depends on two ideas: (i) accounting
earnings will satisfy many of the same characteristics as ideal earnings if one assumes DPI; and (ii)
one can assume that the error satisfies certain dynamic properties to forge a link between value and
subsequent expected earnings. It is then shown that assumptions on the characteristics of
earnings lead to the Ohlson & Juetter-Nauroth [2005] valuation model. In essence, working from
DPI and extractable characteristics of accounting earnings, this analysis captures the core
organizing principle of practical equity valuation: Measures of the growth of expected accounting
earnings will explain the price to forward-earnings ratio.

An overview of the paper’s sections follows:

e Section II motivates the analysis and questions by reviewing a savings account.

e Sections III, IV develop the general model, including the definition of DPI.

e Section V reviews special cases that show up in the literature.

e Section VI provides sufficient and necessary conditions for DPI.



e Section VII identifies the characteristics of the “ideal” construct of earnings, referred as
earnings permanent in expectation.

e Section VIII develops and exploits the characteristics of accounting earnings to deal with
the value-accounting earnings relation.

e Section IX analyzes whether the concept of DPI can be extended to free cash flow
irrelevancy.

e Section X concludes and summarizes.

Il. Motivating ldeas: The Case of a Savings Account

This section motivates why an earnings construct ought to depend on DPI.  We review the
analysis of a savings account to illustrate core issues.* While this setting presumes certainty,
subsequent analyses require no such restriction because one can replace known values with
expected values.  Principles of analysis will remain the same.

Consider the intertemporal earnings dynamic of a savings account:
=R-X,—r-d,, [1]

Xinl

where X, and d, represent earnings (i.e., interest earned) and dividends (i.e., net withdrawal from

the account) respectively. R =1+ r defines the discount rate; that is, R shows up in the present

value of dividend formula (PVD): p, =ZR"dm . A complete model also requires some

7=l
dividend policy. To keep matters simple we model a second dynamic equation analogous to [1]:

d, =c X +c,-d,. [2]

t+1

The parameters c; and ¢, specify the dividend policy.” Combining the two dynamic equations



with PVD (and the mild regularity condition,” ¢, >0 and |c,| < R) implies

regardless of the two dividend policy parameters. Because of this non-trivial property, it makes
sense to say that a savings account satisfies DPI.

DPI means that  and X,,, (or X,, d;) suffice to determine p;. This straightforward way of

t+1
looking at valuation contrasts with what happens if one actually evaluates p, by feeding an

expected dividend sequence {d,,,} . into the PVD formula. The latter evaluation demands c;

and ¢; as input even though they do not influence value. Imposing DPI on valuation does indeed
yield a striking consequence: We can forget about ¢; and c.
The earnings variable x satisfies the “familiar” characteristics mentioned in the introduction:

e 0x,/dd, =0. Contemporaneous dividends have no influence on earnings; in a similar
vein, the construct X, does not in any meaningful sense depend on ¢; and c».

e 0x,,/0d, =-r. Given the dynamic [1], this marginal impact of dividends on earnings

t+1
requires (i) to hold.

e 0x,,/0x, =R. Ifone puts d; equal to zero, then earnings grow at the rate of r.

t+1
One can next ask: What characteristics of earnings for a savings account (or the dynamic of

such earnings) lead to DPI? To answer this question, consider a more general dynamic in lieu of

the one previously introduced:

=a-x,+b-d,, [3]

xt+1

and where we do not “label” x,, We view x; as an instrumental variable necessary to generate the
{d;} 1 sequence given some initialization of (x;, d;). Combing the dynamics [3] and [2] with the

present value of dividends formula one derives p; as a linear function of x;+; and d,+; to do so is

5



tedious but otherwise straightforward.” Further, if one examines the expression for the two
coefficients it becomes apparent that DPI holds if and only if a = R. The parameter b does not,
perhaps surprisingly, influence DPI given the regularity condition b # 0.

Taking a closer look at the valuation function helps to understand the nature of DPI.
Specifically, the condition a = R implies, and is implied by, p; not depending on d;+;. This
observation and the ones in previous paragraph underscore that DPI bears on the dynamic (a = R
but not b) as well as the valuation (only x.+; but not d;+; affects p;) in a precise and complete
manner.

Accounting research has always faced the problem of what one can, and cannot, label

earnings. In the present context, why not proceed by defining earnings as x; =7r-p, ;| ? To

address the question we simply note that if @ # R, then x’, depends on d; and (c,, c,). Earnings as

we know it disallows such dependencies; to refer to x, as earnings would be an abuse of language,
at best. One can in any event argue that to define earnings in term of value is awkward. There is

a big difference between a definition x] =r- p, , as opposed to a conclusion x, =r-p, ;. And

the latter applies if and only if @ = R. Thus one sees that the first and third characteristics of
earnings link up with DPI. The second one, on the other hand, does not. However, it still makes
sense to require b = -r since earnings is a flow variable and - reflects the foregone earnings due to
the distribution of wealth at the beginning of the period.

The next section develops a general model where the starting point is a vector of primitive
variables instead of a single one (x,). We generalize the definition of DPI and then proceed to

identify equivalent conditions for DPI.



lll. The General Problem of Dividend Policy Irrelevancy

Consider the (n+1)x(n+1) linear dynamic

z,,=Hz, fort=1,2,..., [4]

where z, =[x, --- x, d,]" and Hisa (n+1)x(n+1) matrix. The vector z; initiates the dynamic

nt
and one infers the sequence of expected dividends from (H, z;) via recursive substitution. It will

be convenient to partition H into three ingredients:

where A =[a,;] is an nxn matrix, b and ¢ are vectors of dimension » and n+1, respectively.

We will refer to ¢ as the dividend policy vector. To motivate this terminology one can think
of ¢ as a choice-vector. To be sure, though, we do not consider a choice set of feasible ¢ or argue
that the absence of DPI leads to a “practical” problem of optimal dividend policy. The reference

to vector ¢ as a policy vector merely underscores that ¢’z, forecastsd,,,.

Let
p.=> R7d,, [PVD]
7=l

where R =1+r >1 specifies the discount factor.

The dynamic [4], along with PVD, raises a basic question which by definition addresses DPI:
Fixing (x.+1, d;+1), under what conditions on H will p, not depend on the dividend policy vector ¢?
That is, though two distinct dividend policy vectors ¢’ and ¢” (¢’ # ¢") must generally result in

{d]} #{d}, it may still be true that p, = p/ because H satisfies certain conditions. As we shall

see, these yet to be identified conditions are by no means obvious.



V. Comments on the Problem

The dynamic [4] is sufficiently general to handle lagged variables, as is well-known.
Expressing [4] as z,,, =H,z, + H,z, , addsno generality.® In particular, the primitive variables
(1.e., the x;,) may be carried over from one date to the next so that, say, xj; =xx.;. Moreover, while

x, #d, forallk=1, ..., n,it could be that x, = d,.., for some z> 1. Itis clear that the dependence

of xy,ond, 1, d,,, ... can be quite general.

The present value of {d;} will be finite if all roots (or moduli of the roots) of H are strictly less
than R. This standard assumption applies throughout when we refer to [4].

Given some (A, b), the requirement of finite price imposes mild regularity restrictions on
vector ¢. These restrictions, however, will be of no interest to us as we study DPI.

Combing [4] with PVD yields the linear solution

n
—_— T J—
p, =0z, ,= Zakxk,m ta,,d,.,, [5]
P

where o' = [0 -0 1] (RI-H)"'. DPI means that no elements in a can depend on ¢, again

subject to the assumption of a finite price.

It is suggestive that a,+; = 0 should be necessary for DPI. After all, if one can infer value
without knowing the details of the sequence d,:2, d;13, ... , then it would seem contradictory to
=0

suggest that one nevertheless needs to know d,:;.  The question arises to what the extent «

n+l
relates to the DPI condition that a, ..., o, must be independent of ¢. We address the necessity and

sufficiency of this issue.
One can put p, =a’z,, aside and entertain the somewhat different valuation function
p,=a'Hz

.- Though the latter expression could have been used to develop the analysis, it would



not add generality or lead to more useful insights. Hence, we consider the former expression

only, in which case the vector z, refers to expected outcomes since value has a date ¢ subscript.”’

(Had we considered p, = aTHzt , then z, would be viewed as a realized, rather than an expected,

outcome.)

When 7 is relatively small, and/or if A has many zero entries, direct inversion of the matrix
RI—-H allows for an explicit expression of a. Prior research has exploited this aspect of the
problem by restricting H to be 3x3 with a couple of zeros. We review this research in the next
section to illuminate DPI and why it takes on a constructive role in parsimonious models of equity

valuation.

V. Special Cases of the DPI Problem

Prior research has modeled a variety of accounting-based valuation settings based on the
linear dynamic [4] and DPI. These models go beyond a savings account because the dynamics (or
Matrix H) have a dimension of 3 (or even more). We review three of these settings, though there
are many others. In particular, we review a special version of the Free Cash Flows Discounting
Model found in Feltham and Ohlson [1995], the standard Market-to-Book Model found in many
papers and textbooks (e.g. Penman [2002], pp 145), and the Earnings Growth Model due to Ohlson
and Juetter-Nauroth [2005]. An examination of how these models fit into the general Section III
problem helps one to better understand various aspects of DPI. It brings out why
accounting-based valuation models mesh with DPI.

Consider the following 3x3 case of [4]:



H= ay 0|, [6]

where 0<a,, <R. The regularity condition b,c, # 0 ensures that the sequences {x;,} and {d;}

connect with each other. To assume a;, = 1 loses no generality; one can always rescale x,; so that
ap=1.

It turns out that for all the three models referred to earlier a;; = R. This specification builds in
DPI; an explicit derivation of a as function of H shows that a is independent of ¢, regardless of b;.
We discuss this point later. Moreover, depending on the value of »; — and b; only — one can
identify the three models referred to earlier. With b; specified, one degree of freedom remains --
az. Thus, a will be a function of a,; and R only, given some explicit numeric value of b;.

Model A: b; = -1. This specification leads to the simplest version of the “Free Cash Flow
Discounting Model” in which free cash flows grow at a constant rate (Feltham and Ohlson [1995]).
Read xj, as net financial assets valued at the end of period ¢ — 1, denoted by fa,;, and x,; as “free
cash flows” due to operating (non-financial) activities for period ¢, denoted by ¢, Valuation

reduces to:
b, =fat +Cn /(R_azz)-
Model B: b, = - R. This specification leads to the standard Market-to-Book Model (e.g.,

Penman [2002], pp 145). Read x;, as cum-dividend book value, denoted by bv: = bv, +d,, and

a
t+l°

x2 as (expected) residual earnings for period #+1, denoted by x Valuation reduces to:

D, =bvt +xta+1 /(R_azz)-

Model C: by = - r. This specification leads to the model that starts from capitalized

forward-earnings and complements with a term adjusting for measures of growth in earnings

10



(Ohlson and Juetter-Nauroth [2005]). Read xj, as earnings for period #, denoted by x;, and x,, as

a

.. Valuation reduces to:

increments in residual earnings for period ¢ + 1 vs. ¢, denoted by Ax

p, =X, /r+Ax/

=X i [ T(R—ay,).
Though tedious, to identify the solution to the three models does not pose much of a problem

given that one solves for (a1, ay, a3) in case of [6]. This can be done following a routine (though
messy) inversion of the matrix RI-H . [Specifically, «a,=c¢,/A ,
a, =(c,+c,(R—a,)/(R—ay)A), a;=(R—a,,)/A,where A=(R—a,,)(R—c;)—bc,.]

Looking at the models through [6] shows why DPI takes on such significance. It cuts by half
the number of parameters that affect value. Analyzing equity value thereby becomes more
parsimonious than it would be without DPI.

Each model specifies two accounting variables beyond dividends. But the assumptions are
sufficiently powerful to ensure that the valuation function ends up only having one degree of
freedom, namely, the parameter a,;. This feature appeals because it captures the idea that growth
should make its presence felt in a descriptive valuation model. Depending on interpretations
attached to [6], ax specifies the growth of, respectively, free cash flows (Model A), residual
earnings (Model B), and the change in residual earnings (Model C).

What assumptions do the three models have in common that leads to their structural

simplicity? The answer is clear: DPI, which corresponds to a,, = R. (The point can be easily

verified using the expressions for a;, ay, a3). One can further show that DPI is equivalent to

a, =0. This class of models thus demonstrates the three aspects of DPI: (i) the irrelevance of the
vector ¢; (i1) a;, = R; and (iii) o, =0. The next section generalizes these observations.

Finally, note that the saving account is a special case of [6], which eliminates the growth

11



parameter in the dynamic. Put @, =R, x,, =0, and b, =—r; one obtains the underlying

dynamic x,,, = R-x, —r-d, and the valuation conclusion p, =x,,,/r.

VI. The General Settings

This section develops equivalent characterizations of DPI. As a matter of definition, DPI
corresponds to the coefficients of primitives in the valuation, a, being independent of the dividend
policy vector ¢. But our prior examples have also shown that the matrix A satisfies certain
properties, and further, that the valuation coefficient related to dividends equals zero. The
question arises whether we can generalize these aspects of DPI.

To generalize the idea of DPI it helps to see what happens in a specific setting for which one
can derive the solution via conjecture. This approach provides more useful insights than what one
might think initially.

Consider the matrix

a, 0 0
~ a a a
21 22 2n
A= p [7]
anl anZ ann

It follows that a conjectured valuation function p, = K -x,,,, works if, and only if, a¢;; =R in

which case again K =-b,"."" With a,, =R, the vector ¢, as well as all the a;;, for i > 2, are

irrelevant. The latter parameters influence the sequence of dividends, to be sure, but not their

present value (or price).

Mathematically, a;; is one of the roots for A (with eigenvector [1,0,---,0]). This

12



observation suggests that the more general problem revolves around the idea that DPI should be
equivalent to A having one root equal to R. Taking this idea one step further, given that A has a
root R, one should be able to transform the dynamic [4] into an equivalent representation such that
the upper-left partition of the transformed matrix satisfies [7] with a,, =R . The word
“equivalent” means that, subject to the appropriate initialization, the two representations will
result in identical sequences of dividends.

The scheme can be applied to diagonalizable A. We use the relation A = F'AF, where F is

A
a non-singular nxn matrix and A = is a diagonal matrix identified by the # roots of A.
A

As indicated, we assume that one of A’s roots equals R, and without loss of generality put 4, = R.

Now consider the following transformations:

F' o0
x, >Fx,, A—> A, b—>Fb, cT—>c{0 J.

The new dynamic is equivalent to the original one. Valuation reduces to

Xy X,

pt__bf\l __flb‘

Here £ is A’s left eigenvector associated with R (the first row of F) and it depends only on A. The
vector c is irrelevant, signifying that DPI holds. As to the requirement 51 # 0, it means that the
X,-sequence must be influenced by the preceding d-sequence. (On a more basic level, the case

51 =0, when A has a root R, violates the condition that the maximum root of H must be strictly

less than R; it ensures a finite price. Using a similar argument it can also be shown that the same

condition on H will not be met unless ¢, #0).

13



The structural simplicity of valuation in a setting with DPI becomes apparent. There are four
parts to valuation. First, the matrix A must have a root (or eigenvalue) R, say 4;= R. Second,
identify the eigenvector associated with 4, f;. Third, transform the n-dimensional vector x;+ to a

scalar X,,, via fx Fourth, introduce the vector b and complete the valuation function by

t+1°
scaling fx,,, with —fb. In a perhaps unexpected way one sees the centrality of the matrix A

(it alone determines the root and eigenvector), the subordinate role of b, and the irrelevance of ¢ in
the DPI-based valuation framework.

Not all conceivable A-matrices can be diagonalized. The preceding analysis is therefore
suggestive rather than definitive. One can extend the analysis to allow for any A using the more
general but more messy scheme of Jordan canonical form; its implementation would show that the
above valuation concepts retain their validity. Here we use a different approach to prove the
equivalence of DPI and A having a root R. It relies on a,+; = 0 to bridge DPI and A having a root
R. We follow two steps. First, we prove that DPI is equivalent to a,,+; = 0. Second, a,+1 =0 is
equivalent to A having a root R.

Proposition I. Assume the dynamic [4] and PVD. Then any one of the following three

statements implies the remaining two:
(i) DPI holds, i.e., a does not depend on c;
(i) a,, =0;
(ii1) the matrix A has a root R;
Proof: Refer to Appendix I. m
The rather technical analysis in the section provides the necessary ingredients to introduce the
construct of “earnings”. The next section considers earnings in an ideal sense, which in turn will

set the stage for analysis of how accounting earnings forges a link to value.
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VII. An “Ideal” Construct of Earnings

To summarize the previous analysis, the proposition shows that DPI applies if and only if

A

P = )%lt+1 /(_bl)’
where X, =fx,,, and Z;l =fb (#0); f; is the eigenvector of A associated with the root 4;.

Moreover, without referring to value or PVD, one obtains the dynamic for x,, :

Zya=R-%, +b -d,. [8]
This expression follows by pre-multiplying x,,, = Ax, +bd, with f; and then use f A =Rf,
(i.e., f; is one of A’s eigenvectors).

Equation [8] conveys a concrete message: DPI means that there must exist a composite
variable —in terms of (A, x,) but not (¢, b, d;) — that grows at the rate of R if dividends happen to
be zero. This observation suggests that lurking in the background is an idealized construct of
earnings.

To develop such earnings construct one naturally exploits on the idea that its capitalization

should determine value, i.e., one identifies the variable by defining

r A
epe, . =(—=) Xy, -
!

One reads “epe” as “earnings permanent in expectations”.!' To justify this terminology, observe

that one obtains the valuation conclusion p, =epe,,, /r from the epe dynamic

t+1

epe,., =R-epe, —r-d,. [9]

Hence, epe;+1 and d;+ remain unchanged — or “permanent” -- for all 7 if and only if the dividend

15



policy satisfies d; = epe,. To appreciate that the latter condition indeed is consistent with the
intuition of a 100% payout, notice again that epe; does not depend on contemporaneous dividends
d, or on the dividend policy vector ¢. DPI is indeed necessary for the epe construct.

Of course, the mathematics for epe is the same as for a savings account. The reason for the
new terminology reflects that epe occurs in an underlying setting of uncertainty and, further, that it
is a construct derived from the multi-dimensional underpinning (A, b) and the primitive vector x
(but not ¢, d; or p;). At any rate, the so constructed epe satisfies all the “ideal” characteristics
inherent in a savings account.

The construct epe has a unique relationship to dividends depending on whether the dividends
are past, contemporaneous, or subsequent. Past dividends influence earnings negatively

(Oepe, /0d, | =—r). With respect to contemporaneous dividends, there is no relation, expect

through a dividend policy. Future dividends are influenced positively by epe because of

epe,,, = rZR”dHT . But there is no specificity for individual d;:. unless one introduces the

P
policy vector ¢. The three characteristics are noteworthy because they ought to be preserved even
if one shifts the analysis from an “ideal” construct of earnings to a more “practical” construct, an
idea that the next section develops.

The positive relation between epe, and the subsequent dividend d;;; can be illustrated via the
simplest version of [4] and DPI. Consider the bivariate dynamic:

epe, . =R‘epet - V-dt
d

1 =€ epe, t+ ¢, 'dt

The assumption of finite price, i.e., all roots of H being strictly less than R, holds if ¢, >0. Asa
pleasing and sensible conclusion, for this class of linear dividend policies epe; must have a positive
effect on subsequent dividends d,;. In sharp contrast, ¢, is totally irrelevant in its sign; the

16



parameter merely “complicates” the dividend dynamic.

The careful reader may object that the above construct of epe lacks proper foundation if x,,,,

is a stock variable. After all, epe ought to be a flow variable and the re-scaling of a stock variable
does not yield a flow variable! But this argument can be dealt with by introducing the (expected)

book value and the clean surplus relation (CSR) so that again p, = epe,,, /r follows. To develop

t+1

this argument, suppose X,,,, is a stock variable. Then define bv, = R[—l;f '.%]-d, toobtain

p =R"-(bv,,+d,,).

t+1

The variable (bv, +d,) , too, does not depend on the date ¢ dividend since 0bv, /dd, = —1:

obv, +d,)
od

-1+1=0.

Thus “dividends are paid out of book value (but leaves current earnings unaffected)”. Using the

three relations p,,,+d,,, =R-p, (implied by PVD), Abv, K +d,, =epe,, (ie, CSR),

and p, =R -(bv,,, +d,,), one readily derives p, =epe,, /r. To be sure, the dynamic of

t+1 t+1

(bv, +d,) can also be transformed back to [9] by invoking CSR. Thus one recovers the “ideal”

flow model from the “ideal” stock model.

As a contrast, one cannot recover the “ideal” stock model from the “ideal” flow model. That

is, p, =epe,, /r does not imply p, =R -(bv,, +d,,) or bv,, +d,, =R-bv,, even if one

t+1 t+1 t+1

maintains CSR. To appreciate this conclusion, assume p, =(bv,,, +d,,, + M)/ R, M being an

t+1 t+1

arbitrary constant. It will be still true that p, =epe,,,/r. One can think of M as an “error” in

t+1
the balance sheets but these errors cancel (in expectation) because the clean surplus relation

determines earnings.
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VIIl. Characteristics of Accounting Earnings

Any attempt to conceptualize earnings must necessarily rest on an abstract foundation and
initially focus on earnings under “ideal”, if not “idealized”, circumstances. Our development of
“earnings permanent expectations” (epe) conforms to this truism, of course. One can then ask
whether the prior analysis helps at all to illustrate the relation between earnings and value as a
practical matter. This section approaches the problem by analyzing the nature of the difference
between accounting earnings and epe, which we refer to as an “error”. If the error satisfies DPI,
then it turns out that accounting earnings satisfies the same core characteristics as epe. This
analysis sets the stage for an analysis of implications of what happens if one adds assumptions on
the error. Assuming that the error grows geometrically we can show that Model C (the Ohlson
and Juetter-Nauroth [2005] model) applies. Another slightly different way of proceeding
emphasizes the roles of DPI and the earnings characteristics: Given such assumptions it is again
the case that Model C applies.

As indicated in the previous paragraph, it will be useful to start the analysis by defining
“accounting earnings” equal epe adjusted for an error:

err, = ae, —epe, .
Hence,

p, =ae, /r—err, /1,

t+1
without making any reference (yet) to the characteristics of ae, or err, such as DPI or

Oae, /0d, =0. Given the dynamic for epe, it follows that

ae,, =R-ae +z,—r-d,, [10]

t+1

where z, =err,

w —Reerm.

18



Next, we show that one can reasonably label ae as “accounting earnings” by adding DPI to the
above mechanical setup. The term is justified because ae will satisfy “familiar” characteristics
that one associates with earnings. Assume that err, (and z;) does not depend on the vector ¢ or on
d,. The same must now be true for ae;. It follows that:

(1) dae, /0d, =0;

(2) oae,, /od, =—r.

t+1
The marginal effect of ae, on ae;: 1, keeping err, and z, fixed, satisfies:

(3) Cae,,, /Oae, =R .

141
With respect to valuation, i.e., how value relates to the expectation of subsequent accounting
earnings and dividends, one has

(4) op,,/cae, =1/r;

(5) op,,/od, =0.
All of the five characteristics are inherent in epe. In other words, because of DPI, accounting
earnings retains the characteristics of an “ideal” notion of earnings without being “ideal” itself.

At first sight, the error-term err, as well as z, may seem arbitrary and without any
interpretation. Such is not the case, however. Using an identity found in Ohlson [2002] and

Ohlson [2005], one can show that err,; relates to the superior growth in expected earnings.

Specifically,
aet+1 + l i R TZ
pt r r p— t+7 2

where z, = Aae,,, —r-(ae, —d,). Thus,

t+1

—err g, :ZR_TZHT [11]
=1
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holds as an identity. The variable z; captures the superior growth of (expected) earnings for
period #+1, using prior earnings as a reference point. The word “superior” applies because the

increment, Aae;1, has been adjusted for the growth attributable to earnings retained, ae, —d,, i.e.,

.
the term r-(ae, —d,). Equation [11] thus shows that the present value of all future superior
growth equals — err;,. It appeals to intuition that —err, (= epe, —ae,) relates positively to the
present value of superior accounting earnings growth. In contrast to epe, ae cannot pick up all
aspects of the future such as the existence of positive NPV investment opportunities. Thus,
—err, >0 and the future positive growth opportunities will be reflected in superior growth in
expected accounting earnings.

One extends the above modeling with the simplest possible assumption on the (expected)
err-sequence. Suppose that

err,,, =y-err,, y<R.

That is, the errors will grow geometrically in the future due to the general (expected) growth of the

firm. It follows that z, = —(R — y)err,, and thus

Z =V Z.

Conversely, the z-dynamic implies the err-dynamic, given regularity conditions. Given these

observations and DPI, one has —err, = Z Rz, =z, /(R-y) sothat

r=1

aet+l t+1
ro r(R-y)’

z

P =

where equation [10] defines z;+;. One interprets z,;; as the near-term, year 42 vs. year #+1, dollar
value added due to superior growth in expected accounting earnings. The parameter y identifies

the long-term growth rate.
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Of course, this analysis is a somewhat different way of looking at Model C in Section IV, with

a change in notation (x,, = ae,, x,, = z,, a,, = y ) to capture two distinct starting points. Section

IV’s development starts from the matrix H and then specifies a number of parameters (a,, = R, a»;

=0, by = -r, b = 0) that leads to the value function. This section, on the other hand, shows that
one can introduce three ideas to arrive at the same result: First, DPI; second, an ideal measure of
earnings, epe; third, an “error” in epe which grows geometrically. In this way concepts, rather
than structural/ empirical assumptions, ground the analysis. To a corresponding degree it is a
more appealing approach to the value-earnings relation.

Restricting the errors to satisfy geometric growth could perhaps be viewed as a
convenience-assumption. One counters this claim by requiring the ae-variable to satisfy the
previous five characteristics. These assumptions force err to grow geometrically.

Proposition II. Assume PVD and the 3-dimentional linear dynamic:

ae, a, a, b, |ae,
Xog | =] @y Gy by | Xy | [12]
d,, ¢ ¢ ¢ |d,

Further, assume the following five characteristics of earnings: (1) OJae,/0d, =0 ; (2)

Oae,,, / 0ae, = R ; (3) Oae,,, /0d, =—r;(4)0p,/0ae,, =1/r;(5) Op,,/0d, =0. Then,

t+1 t+1

err,,

err,

=a,,, where err, = ae, —epe, .

Proof: Refer to Appendix II.

Corollary. The assumptions imply Model C, i.e., the Ohlson and Juetter-Nauroth model
[2005].

Starting with nine degrees of freedom, the five assumptions on earnings thus restrict five

parameters and ensure the irrelevance of three parameters. Two restrictions, @ = R and a3 = -7,
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are trite. More complicated are a,; = b, = 0, which depend on assumption (1), (4), (5). Further,
because ay; = b, =0, one can put a;; = 1 without loss of generality (as noted before, it reduces to an
issue of scaling). And, of course, the built-in DPI makes cy, ¢, c3 irrelevant.

The proposition implies that err, and x,; (which corresponds to z;) grow at the rate of ax, the
model’s single degree of freedom. Referring to the second proposition in Ohlson and
Juetter-Nauroth [2005], one can extend this observation about growth. Specifically, given mild
restrictions on the asymptotic dividend policy,

. ae
llIl'l t+1
t—© aet

=6122.

As a consequence, ae/epe, converges to a constant as ¢t — oo. That is, in the limit, accounting
earnings captures a fixed fraction of “ideal” earnings. This fraction is indeed less than one given
a positive long-term growth rate (i.e., ax; > 1) and conservative accounting.

We underscore that Proposition II depends only on the assumptions on the characteristics of
accounting earnings, putting aside the “framing” assumptions [12] and PVD. Such a conceptual,
rather than “structural/empirical”, grounding of the proposition makes it more interesting.
Moreover, Model C embeds the central organizing principle of practical equity valuation, namely,
measures of earnings growth explain the price to forward-earnings ratio. Ohlson and

Juetter-Nauroth [2005] expresses Model C as (using our notation)

_9n 8 —(a,, _1)]
r r—(a, -1)

t >

where g, =(Aae,, +r-d, )/ ae,  measures the short-term growth in earnings (adjusted for

t+2 t+1
earnings foregone in period #+2 due to next-year dividends). Hence, the model has two measures

of growth in earnings, g» and ay,, and these (in addition to ) explain the price to forward-earnings

ratio. We underscore that the derivation here, in contrast to Ohlson and Juetter-Nauroth [2005],
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flows from assumptions on the characteristics of earnings rather than by restricting the matrix A up
front.

Proposition II leads to Model C and the careful reader might have asked how Models A and B
fit into the story, if at all. Do these two models also, in fact, depend on the characteristics of
accounting earnings as stipulated by the Proposition? The answer is “yes” in the following sense:
Model A is a special case of B, and Model B in turn is a special case of Model C. To appreciate
that Model B subsumes Model A, one can assume that a firm uses cash accounting. Such
accounting implies that bv = fa and abnormal earnings reduce to free cash flows. With respect to
the relation between Model B and C, Ohlson [2005] shows that if Model B holds then so does
Model C, but the converse is false. Proposition II accordingly provides a completely general

approach to equity valuation as long as the matrix A is of size two.

IX. On the Irrelevance of Free Cash Flows

Many academics and practitioners of equity valuation emphasize the discounting of expected
free cash flows (FCF) instead of dividends. In light of this it makes sense to ask the following
question: If we have DPI, why shouldn’t we also have FCF irrelevancy in the spirit of DPI? In
this context, it is important to note that as a matter of economics DPI predicates the FCF approach
to valuation. One irrelevancy may simply lead to the next.

To address the question of FCF irrelevancy, we need to define FCF and align the FCF
approach to PVD and DPI. We use the setting of Feltham and Ohlson [1996]. Let

fa, = financial asset, net of financial liabilities;

Jfx, = net financial incomes. Assume further, in the spirit of MM, that
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fx, =r-fa,,.
Free cash flows, c;, are then implicitly defined by an accounting that updates fa,:
fa, = fa,_, + fx, +c,—d,.
It follows that
o =R-fx,+r-(c,=d,),
which, of course, resembles the dynamic of epe,, provided fx, is independent of ¢;— d,. With these

assumptions in place -- and these assumptions do indeed suffice --
pt = j(xm—l /r+zRirct+r :
7=l

So far the analysis has not invoked DPI: one can, at least in principle, assume that ¢, depends on
prior dividends. But such an assumption makes no economic sense. The whole idea motivating
the FCF approach is that the forecasting of FCF should be independent of a firm’s financial policy
(such as borrowing/ lending to make whatever dividend-payment is viewed as desirable). From
the Feltham and Ohlson model [1996] it follows that DPI applies as long as the forecasting of
expected free cash flows does not depend on current and past dividends.
Now define operating earnings
ox, = epe, — fx,,

where epe is as defined in the previous sections. Of course, ox, like epe, defines operating earnings
in an “ideal” sense. Unsurprisingly one obtains

p, = fx,, /r+ox,/r

t+1
and
ox,, =R-ox, —r-c,.

The last equation suggests that the above defined operating earnings implies “FCF irrelevancy” in
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the similar way as DPI. Does FCF irrelevancy apply? The answer is no. This answer

. dox i
underscores that the assumptions have not excluded L#0! This statement holds because,

oc,

given the definition of ox, and the independence of ¢, on fx,, ox; depends on ¢, if and only if epe,
does. And the basic dynamics permits epe, to depend on c;.

One can take the analysis one step further and identify FCF irrelevancy by examining the
appropriate submatrix of A. Specifically, if x,, denotes the expected FCF during period ¢, and one

grants DPI, then FCF irrelevancy holds if and only if the submatrix

L R S

an_ll oo a

n-n-1
has a root R, provided the regularity condition. The proposition stated in this paper can thus be
put to use again.

Model (C) in Section IV provides a direct and simple illustration why DPI applies but FCF

irrelevancy does not. Consider the dynamic in Section IV with DPI. That is, put a,, =R, b; =-1,

x, = fa, ,,and x,, =c,. One obtains

o0

D, _fat = ZR_TcPd' =C /(R_azz)-

=1

Now, one can of course define ox, =r-c,/(R—a,,) and combine it with the dynamic

¢,,, = dac,; one obtains

t

ox,, =R-ox, —r-c,

pz = fat +0xt+1 /7"
which looks much the same as the mathematics for epe. There is a crucial difference, however:

while one can deduce that Opee, /0d, =0, one cannot do the same for Jox, /Oc, because the
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latter derivative equals 7/(R—a,,)!

The greater robustness of DPI compared to free cash flows irrelevancy should come as no
surprise. From an economic point of view, financial activities, almost by definition, involve
zero-NPV activities. Operating activities, on the other hand, are quite different. While on the
margin it may allow for a zero-NPV activity, it makes no sense to say that this is the case for all
operating activities. Hence, the detailed evolution of free cash flows cannot be disregarded as

easily as that of dividends.

X. Concluding Remarks

It is no overstatement to say that the concept of a firm’s expected earnings (net income or
profit) permeates economic analysis. Academic disciplines within the general area of economics,
like finance and classical microeconomics, refer to it extensively though they rarely dwell on its
precise meaning. And the centrality of forecasted earnings is present in practical investment
analysis as well. This apparent demand for concrete roles of earnings suggests that it would be
reasonable to address a question that belongs to accounting theory: What are the intrinsic
characteristics of earnings that make the concept identifiable and central? In board terms this
question motivates the current paper of course.

Questions about the “demand” for an earnings concept leads to the observation that the
“supply” is bound to fall short of any ideal measure of earnings. GAAP’s earnings, and attempts
to reconfigure GAAP’s earnings via financial analysis, muddle the pictures because such earnings
measures will not build in clear-cut analytical characteristics. As always, theory does not match

perfectly with reality. In our view, however, the complexities of the real world do not negate the
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importance of the questions we have addressed.

This paper deals with the “demand” for earnings by stipulating a condition for DPI. Only if
such condition is in place, can one expect a concept of value creation that separates from value
distribution. One can construct an “ideal” earnings variable, referred to as earnings permanent in
expectation, without any reference to value or the expected dividends. This earnings construct
meets perfectly the “demand” for a measure of value because its capitalization suffices to
determine value. The result is of interest if for no other reason because it shows how one
generalizes the concept of earnings inherent in a savings account.

As to the “supply” of earnings one must recognize that “accounting earnings” capitalization
can never provide sufficient information to determine value. There will be “hole” to plug, which
presumably means that investors also must forecast the growth in accounting earnings. Such
focus on accounting earnings and their growth leads to an analysis of their characteristics. The
modeling in this paper handles it by retaining DPI though there is considerable more complexity.
An analysis of the accounting earnings so supplied shows that it will satisfy many reasonable
characteristics. These are sufficiently powerful to restrict the accounting earnings-value relation.
Accounting earnings then provides “useful information” because one can conceptualize the nature
of growth in accounting earnings in a parsimonious fashion. In this way accounting earnings

provides a “second best” solution to the problem of assessing a firm’s intrinsic value.
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Appendix

I. The proof of Proposition I.

The proof proceeds in two parts: The first part shows the equivalency between (i) and (ii); the
second part establishes the equivalency between (ii) and (iii). The equivalency between (i) and
(ii1) then follows immediately.

1. DPI <=> ai,,1; = 0.
(a) Suppose a,+1 =0. We need to show that [a, ..., an] does not depend on the dividend policy

vector ¢. For any z,, the condition Rp, , = p, +d, implies that
Roz, =0Hz, +d,, [13]

since we know that the solution to PVD and the dynamic must be linear. Given that a,+; = 0, it

follows that the LHS of [13] equals RZ a,x, . The RHS equals Z,kak +p

.d, , where the
k=1 k=1

vector B depends at the most on H and a. Moreover, because a,+; = 0, it is readily verified that 8

does not depend on the vector ¢. As a direct consequence, the solution to a, ..., a,, obtained by

making LHS = RHS for all z, cannot depend on ¢ either. Thus DPI applies if a,,+; = 0.

(b) Suppose DPI. Given x, and d,, as well as (A, b), consider two different dividend policies ¢’ #

"

¢”. From [2], one obtains

X
p. =0, (Ax, +bd,)+ anﬂc'L’t}

t

t

X 2
p!=a,(Ax, +bd,)+ amc"[d’}
where the coefficients a remain the same for p’ and p” due to the definition of DPI. For any given
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(x;, d;), DPI also means p’, = p",. It follows a,+1 = 0 by the assumption ¢’ # ¢”.
2. o471 = 0 <=> A has aroot of R.
(a) Suppose a,+1 =0. From [2], one sees that a,,; is the column-n+1, row-n+1 entry of the matrix

(RI—H)™'. Further note the expression for g, is

det(RI, — A)
Oy =t [14]
det(RI,,, —H)
(Refer to S. Lang, 4 Second Course in Calculus. Addison Wesley, 2™ edit, pp. 517). It

immediately follows that «,,, =0 implies det(RI, —A)=0. The last statement is equivalent

to A having a root of R.

(b) Suppose A has aroot R. The conclusion a,+; = 0 is immediate from [14]. =

I1. The proof of Proposition II.
The proof consists of two steps. Step one shows that the assumptions imply the
parameterization:
an=R,an=1,b1=-r,a2,=0,b,=0.

Step two finishes the proof by showing err,

alerr, =x,,, /%, =ay.
To prove Step one, first note that the dynamic [12] and Assumption (1) imply that the
contemporaneous variables ae;, x»; and d; are independent of each other. Assumptions (2) and (3)

immediately implies that a;; = R, by = -r. Next, Proposition I implies that Assumption (5) is

a; ap

equivalent to DPI. It follows that { }has a root R, or equivalently in this case,

ay ay
(R—a,)(R-a,,)=a,a, . Then a;; = 0 because a;, # 0. Further, the PVD solution to the

dynamic [12], along with the restriction a,; = 0, implies that
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1
r—a,b, (R—a,,)

P, ae, +kyx,,,. [A. 15]

Combining Equation [A. 15] and Assumption (4) yields b, = 0.

As to the second step, [A. 15] reduces to
1
P = ;(aenl +re k2x2t+1) .

DPI implies epe,,, = ae,,, +7-k,x,,,,. Then, erryi = -rkyxy1, by the definition of err. Thus,

err,

alerr, =x,,, /%, =ay. u
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Endnotes

! Ever since pioneering work due to Modiglion and Miller, DPI has long been part of the finance
and accounting literature. A few relevant reference may be useful. Rubinstein [1976] provides a
standard treatment in a neo-classical model.  Christensen and Feltham [2003] in their textbook
describes many accounting-based valuation models that embed DPI. They pay considerable
attention to the role of financial assets, such as a savings account, which suffices for DPI. This
analysis was originally developed in Ohlson [1991] and Feltham and Ohlson [1995]. Hughes, Liu
and Zhang [2002] extends this analyses by allowing for inflation. Yee [2005] provides an
extensive treatment on why and how DPI restricts admissible valuation functions. Finally, DPI
also shows up in the agency theory literature, e.g., Ohlson [1999] and Reichelstein [1999].

? Our term “value creation” should be distinguished from “superior value creation”. The former
refers (broadly) to earnings while the latter refers (broadly) to residual earnings.

3 Most papers dealing with value state models which satisfy these three characteristics of earnings,
e.g., Ohlson [1991], Ohlson [1995], Ohlson and Juettner-Nauroth [2005], Feltham and Ohlson
[1995]. These papers do not, however, link these properties to DPI.

* Ohlson [1991] relates a savings account to DPI.

> Putting c;'R = -c,r = K for some K > 0 results in a fixed payout ratio, d =KX,
% DPI combined with the assumption of finite price implies the regularity condition.

” The valuation function is p, = a,x,,, + a,d,,,, where a, =R-c,/A and

t+1 t+1°

a, =(bc, +(R—a)c,)/A, with A=—-bc, +(R-a)(R—c,).
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X, =a;X, +apx,, +bd,

¥ For example, the dynamic can be restated in the form [4] via the

= X, X, taid,

Xis = Ay, +a,X, +bd,
redefined state variables x, =x,, %, =x,,: X,,, = 1-%,+0-%,, +0-d, .
d = X, +06,%, +¢,d,
9 . . .
There is no need to express [4] with error terms, i.e.,
z,=Hz +¢g,.

Here wecanset €., =0, Z_ =z _,and Z_,, =z ;1) reads as expected z;+; conditional on z,.

T+l *

This way of looking at the state-variables works fine because we link p; to ;.

' To elaborate, note first that PVD corresponds to P,y +d,.,, =R-p,. Second, conjecture a
solution p, = K -x,,,,. Combining the two expressions yields

K-x,,+d, ,=KR-x,,,)
But x,, =R-x,,, —r-d,, sothatfor K =-b" one obtains the valuation function. Here we

can use the word “the” because by assumption there is a unique solution. Further, note that the
scheme collapse when a;; # R.

' Ohlson [2005] develops the distinction between earnings permanent in expectation (epe) vs.
permanent earnings. The latter implies the former while the converse is false. To see the point,
consider

X :R'xt _r'dt +v, +81,t+1

t+1 82,t+1

=1

Here, earnings (= x;) is permanent if and only ifv, =0. However, earnings can be permanent in

expectation because
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E_[%,]=R-E_[%]-rE,_[d]
forall > 1. In our notation, the equation above reduces to
X,=R-x —r-d,
for all future 7. It is understood that the valuation occurs at a date prior to ¢.
The idea of “permanent earnings” can be traced to Black [1980], Beaver [1997] and others. Ryan

[1986] provides the first formalization (from what we know). Ohlson [1995] provides the first

comprehensive treatment of the concept, including the formalization of DPI.
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